Interaction of domain walls and vortices in the two-dimensional O(2) and
  O(3) principal chiral models by Sorokin, A. O.
Interaction of domain walls and vortices in the two-dimensional O(2) and O(3)
principal chiral models
A.O. Sorokin∗
Petersburg Nuclear Physics Institute,
NRC Kurchatov Institute,
188300 Orlova Roscha, Gatchina, Russia
(Dated: August 2, 2018)
Using extensive Monte Carlo simulations, we investigate the critical properties of domain walls,
vortices and Z2 vortices in the Ising-O(2) and Ising-O(3)⊗O(2) models. We have consider the non-
trivial case when disorder in the Ising order parameter induces disorder in the continuous parameter.
Such a situation arises when a domain wall becomes opaque for continuous parameter correlations.
We find that in this case the vortex density at the BKT transition (or crossover) point turns out to
be non-universal, while the wall density at the Ising transition remains universal, i.e. in agreement
with the Ising model. An important part of this study is the numerical measurement of defect-defect
correlators. We find that the wall-vortex correlator tends to zero in the thermodynamic limit at the
Ising point, which explains the universality of the wall density. A possible multicritical behavior of
the models is also discussed.
PACS numbers: 64.60.De, 75.40.Cx, 05.10.Ln, 75.10.Hk
I. INTRODUCTION
In our previous paper1, we have considered a lattice
version of the O(3) principal chiral model (or equiva-
lently the O(3)⊗ O(3) sigma model) in two dimensions.
This model is interesting at least in that it describes
frustrated magnets with non-planar spin orderings. An-
other reason to explore this model is that it contains two
types of topological defects: domain walls correspond-
ing to the discrete part of the order parameter space
G/H = O(3) ≡ Z2 ⊗ SO(3), and Z2 vortices arising
due to the continuous part is not simply-connected, with
the fundamental group pi1(SO(3)) = Z2. In contrast to
usual vortices of the O(2) model, Z2 vortices associat-
ing in pairs at low temperature do not lead to appear-
ance of a quasi-long-range order and to occurrence of a
Berezinskii-Kosterlitz-Thouless (BKT) phase transition.
But the increase in the vortex density leads to a rather
sharp change of the temperature behavior from one pre-
dicted by the O(4) sigma model at low temperature to
some high-temperature one in the form of an explicit
crossover2,3. Moreover, Z2 vortices are responsible for
a change of type of the phase transition in the discrete
order parameter of the O(3) principal chiral model: in-
stead of a Ising-like second-order transition, one observes
a first-order one. The role of vortices in critical behavior
is revealed by the fact that the transition and crossover
occur at the same temperature, and the densities of do-
main walls and vortices have a jump at the critical point1.
As it has been noted in ref.4, if Z2 vortices are very
heavy, and the vortex density is insignificant at the tem-
perature of the transition in the discrete order param-
eter, one expects that this transition is of second-order
and falls in the 2D Ising universality class. It means that
the crossover temperature is larger than the transition
temperature TZ2 > Tdw. One can propose the opposite
situation when domain walls are heavy, and the transi-
tion and crossover occur separately in temperature too
but with TZ2 < Tdw. The critical behavior at the transi-
tion in the discrete order parameter in this case remains
unexplored until recently5.
Even if the transition and crossover occur at different
temperatures, it does not mean that an interaction be-
tween domain walls and vortices becomes inessential. So,
one should expect that this interaction may affect the
critical behavior. Moreover, as we show in this paper,
this interaction may determine a sequence of transitions.
Similar situation with two types of topological defects,
namely domain walls and vortices, has been investigated
in the context of the Ising-XY model6–11 with the Hamil-
tonian
H = −
∑
ij
((J + JBσiσj)SiSj + JCσiσj) , (1)
where Si = (cosϕi, sinϕi) is a two-component (N = 2)
classical vector, σi = ±1, and the sum ij runs over neigh-
boring sites of a square lattice. The case JB = J is the
most interesting because here the Ising disorder induces
the XY disorder due to a domain wall makes XY spins
decoupled at a wall: J + JBσiσj = 0. Thus, one finds
that the BKT transition temperature cannot be larger
than the Ising transition temperature, Tv ≤ Tdw. Above
the value JBC corresponding to the bifurcation point, the
transition temperatures are different and Tv < Tdw (see
fig. 1). Below the the bifurcation point JC < J
B
C , but
JC > −1, the Ising and BKT transitions occur at the
same temperature as a first-order transition.
The case JB = J relates to the critical phenomena
in the wide class of systems, the ground state of which
breaks the symmetry group G/H = O(2) ≡ Z2 ⊗ SO(2)
(see ref.12 for a review). Such systems as a Joseph-
son junctions array in a perpendicular magnetic field,
triangular XY antiferromagnet6–8, and XY frustrated
helimagnet13,14 fall in this class. An important feature
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Figure 1. Sketch of the phase diagram of the Ising-XY model
at JB = J . Letters σ and S mark corresponding long-range
and quasi-long-range orders, D marks the disordered phase,
BP is the bifurcation point.
of these and similar systems is the presence in the topo-
logical excitation spectrum of fractional vortices, which
are corners or kinks of domain walls (depending on a spe-
cific model)15–19. The effective logarithmical interaction
of kinks is weaker than the interaction of conventional
vortices and leads to a BKT-like phase transition on a
domain wall at Tfv < Tv. So, at T > Tfv, a domain wall
turns opaque for the continuous order parameter corre-
lations, analogously to the case JB = J of the Ising-XY
model. As a consequence, on approaching a Ising-like
transition, the quasi-long-range order has to break down,
and a BKT transition has to occurs at Tv < Tdw
20. The
exception is the case Tfv = Tdw where both transitions
occur at the same temperature as a first-order transition.
Of course, the both phenomena, namely the domain
wall opacity for the continuous parameter correlations
and presence of fractional vortices, are crucial for a se-
quence of phase transitions as well as for the critical be-
havior upon them. As far as fractional vortices are ab-
sent in the Ising-XY model and have no analogue for Z2
vortices, in the present work we consider only the first
phenomenon and its influence to the critical behavior in
the case of two transitions separated in temperature.
To investigate an interaction of domain walls and Z2
vortices, we introduce the model similar to the Ising-XY
model. The simplest model describing Z2 vortices is so-
called V3,2 Stiefel model, which has been introduced in
ref.21 and studied in refs.1,5. The model is the lattice
realization of the O(3)⊗O(2) sigma model. Domain walls
and Z2 vortices are presented in the Ising-V3,2 model5
with the Hamiltonian
H = −
∑
ij
(
(J + JBσiσj)tr Φ
T
i Φj + JCσiσj
)
, (2)
where Φi = (Si,ki) is a 3 × 2 matrix composed of two
orthogonal unit 3-vectors Si and ki. Again, in the case
JB = J , the Ising disorder induces the SO(3) disorder
by the same reason as in the Ising-XY model.
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Figure 2. Phase diagram of the Ising-XY model at JC = 0.
Letters σ, S and σSmark corresponding long-range and quasi-
long-range orders, D marks the disordered phase, MP is a
multicritical point.
In the work5 we have studied the both cases of well-
separated transition for the Ising-XY model Tv < Tdw
and Tv > Tdw as well as for the Ising-V3,2 model TZ2 <
Tdw and TZ2 > Tdw using correspondingly JC  0 and
JC = 0, JB  J . We have found that the critical be-
havior at transitions of all types (including the crossover)
falls distinctively to the corresponding classes of the 2D
Ising model, BKT-transition and O(4)-σ-model — high-
temperature crossover.
In the current work, using Monte Carlo simulations, we
consider less trivial cases including JB = J where a wall-
vortex interaction is significant, determining a sequence
of phase transitions. From simulations, we estimate the
wall-vortex correlator, describing the local wall-vortex in-
teraction, and show that this interaction is non-vanishing
as long as the densities of domain walls and vortices are
non-vanishing too with the one important exception: at
the point of the transition in the discrete order parameter
the correlator tends to zero value in the thermodynamical
limit (the limit of a infinite lattice size L → ∞). Thus,
the critical behavior remains universal and falls to the 2D
Ising universality class. At the transition (or crossover)
induced by vortices, the wall-vortex interaction is non-
zero. It does not change the main universal properties
of the transition, such as the value of the helicity mod-
ulus jump at a BKT transition, but changes the critical
properties of vortices, including the critical value of the
vortex density.
II. MODELS AND METHODS
To study the Ising-XY and Ising-V3,2 models, we
use Monte Carlo simulations based on the over-relaxed
algorithm22,23. We consider a square lattice with pe-
riodic boundary conditions. Lattice sizes are L =
24, 36, 48, 60, and 90. Thermalization is performed
within 3 · 105 Monte Carlo steps per spin, and calcu-
30 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 00 . 0
0 . 4
0 . 8
1 . 2
1 . 6
 I s i n g C r o s s o v e r M P

D
J B / J
T / J  
 
Figure 3. Phase diagram of the Ising-V3,2 model at JC = 0.
MP is the multicritical point.
lation of averages within 2.4 · 106 steps. Details of tran-
sition temperature estimation methods for all types of
transitions have been discussed in ref.5. For an Ising-like
transition, we use Binder cumulant crossing method24.
For a BKT-like transition, the Weber-Minnhagen finite-
size scaling method25 has been used. Finally, a crossover
temperature is estimated as a value at which the helicity
modulus dependence on a lattice size L ceases to corre-
spond to the O(4) sigma model26.
As we have noted in ref.5 for the Ising-XY, since
σ2 = 1, a case JB > J is dual to the case JB < J that
is carried out transformations JB ↔ J and S↔ σS. So,
we monitor the three order parameters: the Ising-like σ,
and two XY-like S and k = σS. Relevant order param-
eters for different values of JB are shown in fig. 2. As
a consequence, we introduce three types of topological
defects. The first one is domain walls
ρ˜dw =
1
4L2
∑
ij
(1− σiσj), ρdw = 〈ρ˜dw〉, (3)
where L2 is a lattice volume. The second one is ordinary
vortices
ρ˜v(S) =
1
2piL2
∑
x
∑
x
ϕij , ρv(S) = 〈ρ˜v(S)〉, (4)
where x runs over primitive cells of a lattice, x means
coming over a cell and summing differences of spin phases
ϕij = ϕi − ϕj ∈ (−pi, pi], S = (cos(ϕi), sin(ϕi)). And the
third one is alternatively defined vortices
ρ˜v(σS) =
1
2piL2
∑
x
∑
x
ψij , ρv(σS) = 〈ρ˜v(σS)〉, (5)
ψij = ψi − ψj ∈ (−pi, pi], k = (cos(ψi), sin(ψi)).
To define the Z2 vortex density, we extend the order
parameter Φ of the Ising-V3,2 model to a 3 × 3 SO(3)
matrix by adding the third vector t = S× k, det Φ = 1:
ρ˜Z2(Φ) =
1
2L2
∑
x
1− 1
2
tr
∏
x
f(Φ−1i Φj)
 ,
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Figure 4. Phase diagram of the interpolating V3,2-V3,3 model.
TP is the tricritical point.
ρZ2(Φ) = 〈ρ˜Z2(Φ)〉, (6)
where f : SO(3) → SU(2) is homomorphism describing
double covering of SO(3) by SU(2) constructed using the
parametrization of an orthogonal matrix by Euler angles.
Also, we introduce the density
ρ˜Z2(σΦ) =
1
2L2
∑
x
1− 1
2
tr
∏
x
f(Ψ−1i Ψj)
 ,
ρZ2(σΦ) = 〈ρ˜Z2(σΦ)〉, (7)
where Ψi = (σiSi, σiki, ti) is also a SO(3) matrix.
Fig. 3 shows the phase diagram of the Ising-V3,2 model
for JC = 0. One can see that the case with well-separated
transition temperatures corresponds to too weak cou-
pling value JB < 0.25J , therefore we consider one more
model called the interpolating V3,2-V3,3 model
5 with the
Hamiltonian
H = −
∑
ij
(
Jtr ΦTi Φj + JBσiσjtitj
)
, ti = S× k. (8)
So, at the value JB = 0, the model is the V3,2 Stiefel
model, and at JB = 1 is the V3,3 model
1. Topological
defects are determined in the same way as in the Ising-
V3,2 model. The phase diagram of the interpolating V3,2-
V3,3 model is shown in fig. 4.
The main goal of this paper is to estimate numerically
defect-defect correlators. Lets consider two quantities.
The first one is the wall-vortex correlator
〈ρdwρv〉 ≡ 1
4L4
〈∑
x,y
|ρv(y)|
∑
x
(1− σiσj)
〉
, (9)
where ρv(y) is the local defined topological charge of vor-
tices (both usual or Z2). The second one is the vortex-
vortex correlator
〈ρv1ρv2〉 ≡
1
L4
〈∑
x,y
|ρv1(x)| |ρv2(y)|
〉
. (10)
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Figure 5. Densities of topological defects in the Ising-XY
model at JC = 0 and JB = 0.25. ρdw and ρv denote the ex-
pected values of the critical defect densities at corresponding
transitions.
But we find that these definitions are overabun-
dant due to locality of the defect-defect interactions
〈ρdw(x)ρv(y)〉 ∼ δ(x−y) and 〈ρv1(x)ρv2(y)〉 ∼ δ(x−y).
So the correlators read
〈ρdwρv〉 ≡ 1
4L2
〈∑
x
|ρv(x)|
∑
x
(1− σiσj)
〉
, (11)
〈ρv1ρv2〉 ≡
1
L2
〈∑
x
|ρv1(x)| |ρv2(x)|
〉
. (12)
Since 〈ρtd〉 6= 0 at non-zero temperature, one should
at least consider the covariance 〈ρtd1ρtd2〉 − 〈ρtd1〉〈ρtd2〉.
But the most informative quantity is the Pearson corre-
lation coefficient
Utd1−td2 ≡
〈ρtd1ρtd2〉 − 〈ρtd1〉〈ρtd2〉√
χtd1χtd2
, (13)
where χtd1 is the topological susceptibility
χtd = L
2
(〈ρ2td〉 − 〈ρtd〉2) . (14)
The cumulant U has the meaning of the effective cou-
pling constant of local defect-defect interactions. As long
as the topological defect densities are jointly normally
distributed quantities, the vanishing of the cumulant U
means that topological defects have no local interactions,
both linear or non-linear.
III. RESULTS
A. Ising-XY model
In the paper5 we have checked the hypothesis that
the density of topological defects has an universal criti-
cal value at a transition temperature. In particular, the
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Figure 6. Topological susceptibilities in the Ising-XY model
at JC = 0 and JB = 0.25.
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Figure 7. Densities of topological defects in the Ising-XY
model at JC = 0 and JB = 2. ρdw and ρv denote the ex-
pected values of the critical defect densities at corresponding
transitions.
domain wall density has the value ρdw ≈ 0.14644 at an
Ising-like transition point T = Tdw (for walls determined
on a square lattice, see ref.5 for details), and the critical
value of the vortex density is ρv ≈ 0.0084 upon a BKT
transition T = Tv. Moreover, if the Ising and BKT tran-
sitions are well-separated in temperature, we have find
the universal values too.
Figs. 5 shows the thermal dependence of the topolog-
ical defect densities of the Ising-XY model at JC = 0
and JB/J = 0.25. The value of the wall density ρdw
at T = Tdw is close to the universal one as well as the
value of the vortex density ρv(S) at T = Tv. The density
ρv(σS) is not relevant, it behaves differently than it is
expected for the vortex density, while the density ρv(S)
behaves similar to the pure O(2) model5 and does not
sense the Ising-like transition. The topological suscepti-
bilities χdw and χv(σS) has singularities at T = Tdw (fig.
6)
χdw ∼ χv(σS) ∼ Atd +Btd lnL, T = Tdw, (15)
with some constants Atd and Btd.
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Figure 8. Densities of topological defects in the Ising-XY
model at JC = 0 and JB = 1. ρdw and ρv denote the ex-
pected values of the critical defect densities at corresponding
transitions.
1 . 2 0 1 . 2 5 1 . 3 0 1 . 3 5 1 . 4 0 1 . 4 5 1 . 5 00 . 0
0 . 2
0 . 4
0 . 6
0 . 8
1 . 0
1 . 2
1 . 4
T v T d w
T / J
 L = 2 4 L = 4 8 L = 9 0
  d w  v ( S )
 t d  
 
Figure 9. Topological susceptibilities in the Ising-XY model
at JC = 0 and JB = 1.
At JC = 0 and JB/J = 2, one observe similar picture
(fig. 7) with the only difference is that roles of the den-
sities ρv(S) and ρv(σS) are swapped in accordance with
the duality. Here, the density ρv(σS) has the typical
BKT behavior.
In ref.5, the case JC = 1 with Tdw > Tv has been also
considered. It together with two cases considered above
relates to the situation with two well-separated in tem-
perature transitions and with the universal values of ρdw
at Tdw and ρv at Tv. At first sight, such a universality
is a result of a weakness of correlations between domain
walls and the continuous order parameter (including vor-
tices). One can expect that the picture changes in the
case JB ≈ J , when domain walls induce the XY disor-
der and an interaction between walls and XY spins (and
vortices) can not be ignored. However, fig. 8 shows that
at least the critical value of the domain wall density ρdw
remains universal even at JB = J . Indeed, it is not obvi-
ous that an interaction of domain walls with vortices and
spin waves determines the sequence of phase transitions
but in the same time does not change the critical proper-
ties of domain walls. Howbeit, the critical properties of
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Figure 10. Dependence of the critical value of the defect
densities on the parameter JB in the Ising-XY model at JC =
0. ρdw and ρv denote the expected values of the critical defect
densities at corresponding transitions.
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Figure 11. Defect-defect correlators in the Ising-XY model
at JC = 0 and JB = 0.25.
the vortex density change dramatically. At first, the crit-
ical value of the density at the BKT transition T = Tv
is non-universal, and secondly, the vortex density senses
the Ising transition and has a singularity at T = Tdw (fig.
9).
To extend the results to the full phase diagram (fig.
2), we show in fig. 10 the dependence on JB/J of defect
density values at the both transition temperatures. One
can see that the domain wall density at T = Tdw has the
universal value. The critical value of ρv(S) at T = Tv
tends to be universal while Tdw ≤ Tv (or JB . 0.7J), but
when Tdw > Tv the density becomes larger its universal
value, ρv = 0.037(3) at JB = J . ρv(S) at T = Tdw, ρdw
at T = Tv as well as ρv(σS) at the both transition points
is non-universal too.
It is interesting to note that the universality of the
defect density at the multicritical (tetracritical) point
Tdw = Tv (see MP-point in fig. 2) implies that the multi-
critical behavior in the two-dimensional Z2⊕O(2) model
is described by the decoupled Ising and O(2) models.
An interaction of domain walls with the SO(2) sector
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Figure 12. Wall-vortex correlator in the Ising-XY model at
JC = 0 and JB = 0.25.
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Figure 13. Defect-defect correlators in the Ising-XY model
at JC = 0 and JB = 1.
of the Ising-XY model does not affect the critical behav-
ior at the Ising transition point only if it vanishes at a
large scale. It is confirmed by our simulations. Figs.
11-13 show that the wall-vortex correlator (13) tends to
zero with the lattice size increasing L→∞ at T = Tdw.
In more details, the wall-vortex correlators Udw−v(S) and
Udw−v(σS) remain non-zero with L increasing at T 6= Tdw.
But at T = Tdw and JB . 0.7J the correlators behave as
Udw−v(S) ∼ (lnL)− 12 , T = Tdw, (16)
Udw−v(σS) ∼ (lnL)−1, T = Tdw, (17)
and at 1 ≥ JB & 0.7J
Udw−v(S) ∼ (lnL)−1, T = Tdw. (18)
The vortex-vortex correlator Uv(S)−v(σS) vanishes when
JB . 0.7J and at any temperature (fig. 11), and at
1 ≥ JB & 0.7J it remains non-zero and behaves in the
Ising transition point as (fig. 13)
Uv(S)−v(σS) ∼ (lnL)−1, T = Tdw. (19)
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Figure 14. Densities of topological defects in the interpo-
lating V3,2-V3,3 model at JB = 0.5. ρdw and ρZ2 denote the
expected values of the critical defect densities at correspond-
ing transitions.
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Figure 15. Densities of topological defects in the Ising-V3,2
model at JB = 1. ρdw and ρZ2 denote the expected values of
the critical defect densities at corresponding transitions.
Of course, since the wall-vortex interaction (13) is
non-zero at the BKT transition temperature, the crit-
ical properties of vortices may differ from those in the
pure O(2) model in both cases Tv > Tdw and Tv < Tdw.
But at the multicritical point Tv = Tdw, the universality
of vortex properties restores.
B. Ising-V3,2 model
As we have discussed in ref.5, association of Z2 vortex-
antivortex pairs increases ordering of a system, but it
doesn’t lead to appearance of long-range or quasi-long-
range orders. Nevertheless, the increasing of temperature
and concentration of Z2 vortices leads to a rather sharp
change in the temperature behavior (crossover), which
can be considered as an ”almost critical” behavior. So we
have assumed that the Z2 vortex density has an almost
universal value at a crossover temperature, and have es-
timated the critical density as ρZ2 ≈ 0.225.
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Figure 16. Topological susceptibilities in the interpolating
V3,2-V3,3 model at JB = 0.5.
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Figure 17. Topological susceptibilities in the Ising-V3,2 model
at JB = 1.
Although properties of Z2 vortices are significantly dif-
ferent from properties of ordinary vortices, the situation
in the Ising-V3,2 model is similar to one in the Ising-XY
model (figs. 14-19). In particular, when the Ising-like
transition and crossover are well separated in tempera-
ture, the critical behavior is fully complies with the Ising
and V3,2 models, including the critical value of the topo-
logical defect densities (fig. 14). However, in the non-
trivial case when domain walls induce the disorder in the
continuous order parameter JB = J (fig. 15), the critical
properties of domain walls and Z2 vortices are also close
to the universal ones. So, as long as the critical behavior
upon the transition in the discrete order parameter falls
to the Ising universality class both above and below the
multicritical point (see fig. 3), we assume that the multi-
critical behavior is described by the decoupled Ising and
V3,2 models.
Another similarity with the Ising-XY model is that the
vortex density does not sense the Ising phase transition in
the case of well-separated transition and crossover (figs.
14 and 16). But in the case JB = J , the Z2 vortex density
has a singularity at T = Tdw (fig. 17).
Finally, we also observe that the wall-vortex inter-
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Figure 18. Defect-defect correlators in the interpolating
V3,2-V3,3 model at JB = 0.5.
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Figure 19. Defect-defect correlators in the Ising-V3,2 model
at JB = 1.
action (13) in the Ising-V3,2 and interpolating V3,2-V3,3
models tends to zero value at the Ising transition point
T = Tdw in the thermodynamical limit L→∞ (figs. 18,
19).
IV. DISCUSSION
In the paper5 besides the hypothesis that the criti-
cal value of the topological defect density is universal
upon a continuous phase transition, we have discussed
several possibilities which may refute it. There is the
case JB = J of the Ising-XY and Ising-V3,2 models con-
sidered in this work among of them, when domain walls
induce the disorder in the continuous order parameter
and determine the sequence of phase transitions. In this
work we show that this case confirms the hypothesis for
a second order phase transition but not for a BKT tran-
sition.
Generally speaking, the defect-defect correlators (13)
denotes the possibility of a domain wall to lead to a dis-
sociation of vortex-antivortex pair, or on the other hand,
degree of conditionality of a domain wall configuration by
8Figure 20. Shot of a simulation the Ising-XY model at JB = J
and T = Tv.
a vortex configuration. So, in the case Udw−v = 1 of the
full correlation, any vortex (or antivortex) corresponds
to a unit-length wall element and vice versa. The case
Udw−v = 0 means that vortex and wall configurations
are independent 〈ρdwρv〉 = 〈ρdw〉〈ρv〉. Any intermediate
case Udw−v > 0 means that the wall total length, its posi-
tion on the lattice and non-equilibrium dynamics at least
partly depend on a vortex configuration, the vortex and
spin-wave dynamics. But we know that the critical prop-
erties of domain walls and their dynamics at the Ising
critical point are determined by the conformal symmetry
and the Schramm-Loewner evolution (see27 for a review).
Therefore, the influence of the continuous sector of the
Ising-XY (or Ising-V3,2) model can either vanish at the
Ising critical point, or violate the conformal invariance (a
first-order transition), or change the universality class. In
this work we find that the wall-vortex correlator vanishes
at the Ising transition point in accordance with the first
scenario. The second scenario may realized too in the
Ising-XY model6,7 as well as in the Ising-V3,2 model
5.
We do not know arguments in favor of the possibility for
the third scenario realization.
The Kosterlitz-Thouless renormalization group
approach28,29 does not impose restrictions on the value
of the total vortex density calculated in this work. The
theory predicts that the density of free vortices (not
associated in pairs) behaves above a BKT transition as
ρfree ∼ ξ−2 ∼ exp
(
2b
√
T − Tv
Tv
)
, (20)
where ξ is the correlation length, b is some constant (see,
e.g. ref.12). So, the non-vanishing wall-vortex correlator
at a BKT transition does not lead to a contradiction with
the predictions of the theory, but explains the larger value
of the vortex density in the JB = J case. To illustrate
said above, we show a random shot of a simulation in
fig. 20. One can see that vortices induced by domain
walls are associated in pairs. Such vortices contribute
to the total vortex density, but are excluded from the
calculation of the free vortex density.
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